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Mathematics Extension 2

Trial HSC Exam

General Instructions

e Reading time — 5 minutes

e Working time — 3 hours

e Write using black or blue pen.
Black pen is preferred

e Board-approved calculators
may be used

e A table of standard integrals is
provided at the back of this
paper

e In Questions 11-16, show
relevant mathematical
reasoning and/or calculations

Total marks — 100

pages 2 —5
10 marks
o Attempt Questions 1-10
e Allow about 15 minutes for this
section

pages 6 — 16
90 marks
o Attempt Questions 11 — 16
e Allow about 2 hours and 45
minutes for this section



Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Which of the following is equivalent to
f x sec?(x?) dx

(A) 2tan(x?)+C
(B) %tan(xz) +C
(C) stan(x?)+C
(D) 3tan(x?)+C

2 From the graph of y = f'(x) drawn, which could be the equation of
y=f)

y y=f"(x)

(A) (x—6)(x—2)°
B) (x+6)(x—2)3
(C) (x—6)(x+2)3
(D) (x+6)(x +2)3



3  Thev—-3+4iis

(A) 2+1i
(B) 1+2i
C) 2-—i
(D) 1-—2i

4 A conic section has foci S = (3,0) and S’ = (—3,0) and vertices (2,0)
and (—2,0).

The equation of the conic is

2
A) —+2=1
2 2
B) =+L =1
(C) E_y_sz_l
;2 3152
D) ——-7=1

5  For the function g(x) = tan~1(e*) the range is

IA

NN 3NN

(A) 0=y
(B) 0<y
) O0<y<

A A

S
o
N
<
N

6 Ife* +e” =1, which of the following is an expression for “X?

(A)
(B)
(©)
(D)



7 The polynomial P(x) = x* + ax? + bx + 28 has a double root at

x = 2.

What are the values of a and b?

(A)
(B)
(©)
(D)

a=—-11and b = —12
a=-5and b = —-12
a=—-11and b =12
a=-5and b =12

8  If w is a non-real sixth root of —1 and ¢ is a non-real fifth root of 1
consider the following two statements:

@
D

(A)
(B)
©)
(D)

l—-w+w?—wd3+w*—w>=0
1+p+¢p*+¢>+¢*=0

Both (I) and (II) are correct
Only (I) is correct

Only (II) is correct

Neither is correct

9  Which of the following best represents the graph of g(x) = x tan x

(A)

(B)

P

T

(©)

(D)

|

1)




10  Without evaluating the integrals, which one of the following integrals is
greater than zero?

(A) fl —exdx
1 sin™
®) [, >d
1 tan~1x
(C) fl cosx
(D) f_l e %" dx



Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets
are available.

In Questions 11-16, your responses should include relevant mathematical
reasoning and/or calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet

(a) For the complex numbers z = 1 + i and w = 2 — 3i find:

(1) Z—Ww 1
(11) Zw 1
(111) Write z in modulus-argument form 2
(b)  Show that z = V2 cis (g) is a solution of the equation 2

z8—-8z2=0

(c) Find all real roots of the polynomial 3
P(x) = x*—x3 —4x? - 2x — 12,
given that one root is V2 i.

Question 11 continues on page 7

-6-



(d) Sketch the locus of z where the following conditions hold 3
simultaneously

OSarg(z—i)Sz?n and |z —i| <2
(¢) Inan Argand diagram the points P, Q and R represent complex numbers
zy, Zy and z, + i(z, — z;) respectively.

(1) Show that PQR is a right-angled isosceles triangle 2

(11) Find in terms of z; and z, the complex number represented 1
by the point S such that PQRS is a square.

End of Question 11



Question 12 (15 marks) Use a SEPARATE writing booklet.

(a) By completing the square find

1
d
-[\/2—(x2+4x) ¥

sin3 x
> dx
cos? x

(c) Use the substitution t = tan (g) to evaluate

T

(b) Find

ji dx
o Cosx +sinx+1

(d) (1) Find the values of A, B, C and D such that
5x3—3x2+2x—1_A+ B +Cx+D
x* + x? Cx ox%2 0 x2+1

(i1) Hence find
ij3—3x2+2x—1
x* + x2

dx

(e) Evaluate

jelnxd
—dx
1 Vx




Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) (1) Use the substitution x =t —y where t is a constant to 1
show

fotf(x)dx = jotf(t — x)dx

(i1) Hence, evaluate 2

1
f x(1 — x)?%%dx
0

(b)

y
I\
R
P
(1) Prove that the equation of the tangent to the ellipse 3
x%  y?
; + ﬁ =1

at the point P(a cos@,bsin@) is
(bcosB)x + (asin@)y —ab =0

(i1) Q and R are the feet of the perpendiculars to the tangent 3

from the foci S and S’ respectively
Prove that SQ X S'R = b?

Question 13 continues on page 10



(c) Asshown in the diagram below T; and T, are two points on the
rectangular hyperbola xy = ¢? with parameters t; and t, respectively
and T is a third point on it with parameter t such that 2T, TT, is a right
angle

normal at T

(1) Show that gradient of T4 T 1s — % and deduce that since
1

LT, TT, is a right angle then t? = — %
1¢2

(i1) Write down the gradient of T; T,

(111) Hence, prove that T; T, is parallel to the normal at T

End of Question 13
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Question 14 (15 marks) Use a SEPARATE writing booklet.

(a)

(b)

(©)

a, B and y are the roots of the equation 2
x3—6x2+12x—35=0
Form a cubic equation whose rootsare ¢« —2, f —2 and y — 2

By taking slices perpendicular to the axis of rotation find the volume of 3
the solid generated by rotating the region bounded by the curve
y = (x — 2)? and the line y = x about the x —axis

The base of a solid is the region in the xy plane enclosed by the curves
y = x*, y = —x* and the line x = 2. Each cross-section
perpendicular to the x —axis is an equilateral triangle

(1) Show that the area of the triangular cross-sectionat x = h 2
is v/3 h8
(i1) Hence, find the volume of the solid 3

Question 14 continues on page 12
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(d)

Y .
i :
| NOT TO SCALE
0 2 6 -

The region bounded by the parabola y? = 4x and the line x = 2 is
rotated about the line x = 6.

Using the method of cylindrical shells, find the volume of the solid
formed.

End of Question 14
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Question 15 (15 marks) Use a SEPARATE writing booklet.

(a) This is the graph of y = f(x):

On the separate graph answer sheet, sketch:
: 2
i y=()
i)  y=fk)

1
(111) y = )

Question 15 continues on page 14
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(b) A particle of mass m is projected vertically upwards under gravity, the
mgv?
k2

air resistance to the motion being where the speed is v, and k

1s a constant
(1) Show that during the upward motion of the ball

i = —%(kz + v?)

where x 1s the upward displacement.

(11) Hence, show that the greatest height reached is

k? u?
le’l (1 + ﬁ)

where u is the speed of projection

(c) An object is to undergo vertical motion on a bungee cord in a vacuum
so that air resistance can be neglected. The only forces it experiences
are gravity, mg and an elastic force, —kmx, where x is the particle’s
displacement from the origin. Initially, the object is at its lowest point

given by x = —a. All constants are positive.
(1) Using a force diagram show that
X =—g—kx

(11) By integration show that
A% A%
2 — _Z) - <
% —k((a k) (x+k)>

(111) Show that the motion is described by

x = (7 —a) cos(Vke) = 7

End of Question 15
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Question 16 (15 marks) Use a SEPARATE writing booklet.
(a) Let
1
I, = f x"e *dx
0
Prove that forn > 1

Ly =nlh_1 — o

(b) Use the binomial theorem to find the term independent of x in the
expansion
((x+ 1)+ x‘1)4

(¢) Find the cartesian equation of the locus of w where w = Z% 1s purely
1maginary.

Question 16 continues on page 16
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(d) (1) Use de Moivre’s theorem to show that
cos 30 = 4cos3 0 — 3 cosH

(ii) Deduce that 8x3 — 6x — 1 = 0 has solutions x = cos 6,
where cos 360 = %

(iii)  Find the roots of 8x3 — 6x — 1 = 0 in the form cos @

41

. T 2w
(iv) Hence, evaluate cos 5 COs—-cos—

End of paper
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Question 15 a Answer Sheet
Insert into question 15 answer bookiet

M y=(@)

(i) y=yfx)
]
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